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Asymptotic expansims connected with truncated series

of exponentlal and Bessel type.

1. Introduction.

A conjecture of Ramanujan (1) was the starting-polnt of some

papers: Watson(e) and Szegb(E) treated the function y(n), defined

by o

SE n-1 n
2

n n ' n n
=1+—1—!-+§T +a.o+'('rr_1—)—x—+-§[(ﬂ)h‘j‘ ’ (1'1)

and they found the asymptotic expansion for y (n):

‘y(n)f\)%'{'v‘-%—h—‘l' PRI . (1.2)

A similar result, connected with e’n, was discovered by Aitken
and proved by Copson, that, connected with cos n and sin n 1s given
also,

7) and

Theorems of the same kind are given by Furch(6), Mirakyan(
Liouville(8).
The intention of this report 1s: To give in the first place an

expansion for the function qD(n,w) defined by

2 3 n-1 n
e W _ 4 +%+%‘§) + (mgz Fooal + ((;1“1’1))! + ~(2V!“) ﬁD(n,W),

(1.3)

where w is a complex number. From this expansion, all results,
mentioned above, can be derived.

To give in the second place, an expansion forqjk(n,x) defined
by oo n

h 7 h n
Z X Z x x
h=0 RT{RFK) ~ =0 h1 (h+k)! + n!{n+k)! (pk(nﬂc), (1.4)

where k> 0 and x is a negative number., One may be acquainted with
the fact, that the functions in the left-hand side of (1.4) are
closely connected with Bessel-functions., Finally an application of

this last expansion is given.
2. An integral representation.

The first object is to find an integral representation for(p(n,w)
defined by:

2 k-1 n
el G s G 6 e e (2.1)
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This integral representation holds by means of analytic continua-

tion for all complex w.

3. Transformation of u.

Next the complex variable
t = -wu - 1In (1-u) (3.1)

is substituted in (2.2), yielding:

-nt du
?)(n,w): 1 + nw J~e It dt. (3.2)
C
where C denotes an integration path in the Tt -plane given by (%.1)
when u varies from 0 to 1 along the real axis. _
To get an asymptotic expansion for éﬁ(n,w) one has to expand

the integral I = J e Ut %% dt . (3.3)

3
This can be done by replacing C by the real positive axls and by
using a lemma of Watson(9 : Let F(t) be analytic when lt] < a+é,
a;>o,éf> 0 save for a branch-point at the origin and let

oo m/r'1
F(t)=)m a, t when |t]<a, »>0;
1

r

also let ]F(t)]<:Keb , K, b positive numbers independent of t when

t positive and t> a.
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Then the asymptotic expansion

o

J eVt F(t)dtmofrg a. [ ()Y -m/r
s 1
is valid in the sense of Poiraare when |V| 1s sufficiently large and
larg V|< /2 -4&,  arbitrary > 0.
But to replace C by the positive real axis one has to 1lnvestigate
the singularities of %%, Writing w = reiLP , one has:

The oritical points are u = 1 and u, = 1 - & , resp. t =oo and
ts =1 -w + 1In w,where log w be defined real for poesitive w; by

cutting the w-plane along the negative axis, so that -7 {arg wgw,
log w 1s made single valued.
The t-plane 1s dilvided by the positive real axis and C in two

pants. Now the condition will ™
be derived that the point ts /
does not lie between C and ' G
positive axis, i.e. in G :

t = -wu -In(1-u) t=1-w+1ln w <

Im t=- ur sing Im ts=—r singp+ @

Re t=- ur cosp -1n(1-u) Re t_ = 1-r cosp+ln r

If there is a point ts, inside G, 1t must ®e possible to find
such u, that Im t = Im ts’ thus

P

T r sing

u =1

Shwe0<u<1,mmtr2fé%¢

It is thus proved that for r<§%’i’() Lthere cannet ®e a singularity
inside G. In that case C may be replaced by the positive real axis.

If @ =7, one has Im t = 0 and Im t, =T . In that case C is real
and ts 1s a complex point.

If rzg-lfﬁ@ there exists uw = 1 - m B O<u<1‘,

-1 - P P a
Re ts - Re £t =1 - Tep + 1n Sinqu.o for - P T,



ST

As Im t is a monotone function of u, it is proved that for

@ . : .
Ig>§ﬁ}ﬁb one singularity lies inside G.

4, Determination of the character of the singularity.

One has from (3.4)

au _ (1-u)(1-ug) 1 1
dt U-ug wz(u—us) W
Now %% has to be expanded in a power series of t—ts:
_ Y1 o _ _l-u 1-u
t-t, = w(1-u)-1 - In(1-u)w = T 1 -~ 1ln Tuy =

= - w(u-ug)- 1nX}—w(u—usi]=—w(u—uS)+ Z%* % (w[ﬁ—uéj)k

The t-transformation has therefore a branchpeint at t =

For the convergence of (4.3) in u = 0 must Ju | |[1-ug} or

1 1

Re ug = Re(1 - )= 1 - % cos¢;<f% , which gives the condition

r<2 cosy, that 1s a inner reglon of & cirelé-vith radius one and

with origin in point 1.

5. Power-series expansions for g%.

First the case r<(§%%:©.

du

| . _ 1-u
One has: a—ﬁ-—m .

By means of (3,1) and reversing of series one finds:

du_ 11 b, ew 12 14Bwibwt 2
T-w (1—w)3 T1 z;t;;g 271 —mzqi;$7 31
L 1422458 ok’ tF 1452u528u e+ b hwdr 120wt €2
(1_,_W)9 H__!_ ('I—W)11 51

Now the case r>

/’Eéﬁﬁﬁ ; r<{2 cosp.

(5.2)



‘; 5

In rerlacing C by the positive real axis one has to make a 1lo0op
around the branchpoint tS

(4.2):

du _ ”ﬁml____ 21

a_t_ W‘.(U.-U. ) w

s
= u-u
From (4.3)  t- EE; -——~TE—WZ— onerhas
1w -5 W W i Yy

T _V—E- (t—ts) 2 4 3 +m (t—ts)2 + 135 (t-ts)+
and

dau 1 -3 2 1 3 4

ar,E_ﬁ(t_ts)a--3w+6w\[.é, (t-t4)% + gzg5 (t-tg)+ =

= K
=%chtt)/‘(5.3>

-1

A o
where (t—-ts)2 1s defined as - Vt-ts as leng as one does not pass
the branchpoint and as + Vt—ts as one has passed the branehpoint.

6. Asymeptotic exmansion af dP(n,w).

f. As the egndltlpns of the Watson-lemma are satisfied, ene finds,
using (5.2) for the asymptetic expansien of(D (n,w):

1 w1, 1+2w%w 1 (1486w )W 1
K} - b + - — +
#)(n W)m)1—w ( w)? B (1-w) n? (1-w) ' n’

(1+22w+58w2+24w3)w 1 (1+52w+328w +J+44w5+1i‘0w )w _154____
(1-w)9 (1-w) 1 T n
ol (6.1

which holds for r<sm¢ L ifw=re® _m<pgnT

+

%l

)

Now the case r>§‘§‘ﬁ‘p , r<{2 cose.

One then makes use of expansion (5.3):
-t

t
(#}(n,w),;\ﬂ-i-n [ ch e"nt t—ts)q dt+n [ Zc )Zdt
=\
o %

- (6.2)
S (k+3) 1 nt 5
e )L S LT *Z -
=142 e ° 2kf;+% + S (-) Jﬁ VS
k=—1 n e

(6.3)

Where ts 1 - w + 1n w.

I
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As the expansion (6.1) becomes bad when w is nearly equal 1, one
can Wetter use (5.3). One then has

¢ = (}f\) K
@ (n,w)eol + n E1 /dck S (t—ts)/‘dt =
-—hts
<5 -nt S c
~1 n

~1 n'A
0

For w = 1 -~ %H an expansien of this kind was ortained by Furch (6).

7. Some speclal cases.

Teking w = -1 in (6.1) one has:

Blatiod s dr sy - oo L M o
' z*em 32n°  128n°  512n T 2048n° (

which corresponds with Copsonts result (4), except fer the coeffi-

cient of n~4 glven there as - gé%
n-1 k 2k n 2n \
- - nw .
One has: cos nw = %; (-) éﬁf) o 4 )2£! ) ReQD(En,lw)
n-1 k 2k+1 n an+1 |
and  sin nw = ) (o) (=) (ow) Re() (2n, iw)

e T (A

1
H

and for Re ((2n,iw) one finds:

, 2 2
Re O (2n,1w)eo— + X Gow?) 1. (7 S+ 1 ) Lo+
* ) 1 4we 2(1+w2)3 n (1+w2)5 n
w2 (15-245u2 4511w ~183uC +6u") a4
8(1+w") " n
2 (31-1 420w +86 34w " ~12216wC 30O 7k €)Y SR (7.2)
16(1+w2)9 n
Taking w = 1 one has:
1,1 3 13 59
Re 2n,i + + ey b —F—m 4 (7.3)
C;) (2n, 1)o7 + g5 Zorn?  128n°  51on

which corresponds with the result given in (5) except that the
coefficient of n—4 given there 1s - é%% .
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Finally the case w = 1; one has ts = 0.

Using (6.2) one has, after inserting the coefficients Cx according
to (5-3):

1 Y, T Y
C%)(nﬂ)m\[/g n2+%—+-112—\/ TQE n 2+T-3—5n1+§188\/1§n 5.

(7.4)
Watson (2) and Szego () gave an expansion for y defined by
n-1 k n
n n n
te = )X gy o+vaET
0
. . n 251 K ? n”
Comparing this with e =2§3 T +—§)(n,1). =T one has
' nle 0
vy =0(n,1)- =
? ’ ont
Stirling!s expansion gives:
n
nle Tn fﬁ 1 1 —I
o 1 -+
onl 2 L_ Ten 288n2 B
Thus:
In -
yA’(\*)%+:l_3_5.n1 c e e (7‘5)
and these are the first two terms Watson gave.
8. The approximation connected with J, (x).
As in the preceding sections one can try to glve an analogue
expansion for Jk(x) and Ik(x)a It aprears, however, that it 1is
easler to treat the function
A
X
X = . 8.1
hokl®) = Lo wTTRTRY (8.1)
. (10)
It is shown already in that
— \
Ioo,k(—x)~ Jk(2 V—}?)/(V—;{ﬂ)k, (8.2)
and
Lo, (x) = Ik(2\F§)/(\F;)k, (8.2)
where x> 0.
Putting again
' n Xh
Ink®= 2 wremeT (8.3)

oy
1t
O
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one defines ¢>k(n,—x) by the equation

n
n-+1 X
]éo,k('x)" Ink<"x)= (-1) (Pk(n,—x) NT{k+n, 1 (8.%)
and one can derive the following representation(qo)
VX
k+n 217 ke
P (n,-x)= 27 (ktn) 1 At Ty (B) [1- T t . (8.5)
[&]

Substituting now into (5) the well-known integral-representation
for the Besselfunction of the first kind (11)

!
2—k~ntk+n+1

J t): 2)k+l’l"|""

dy.(1-y cos t y, (8.6)

( =
k+n-+1 (k-m%) Z\[TC

o
1t results after application of the transformation

=2V;: Y

(n,-x)= (k+n) ! 4 it .t tu _ u? ez
Prclr )= 2 (kt+n+s )1 Vﬂ OOS( ) X
o) o

(8.7)

In order to derive the deslred asymptotic formulae one has t»

that

expand first
' t2 n - t2
(1 - ) = exp[;n log(1 - gx)| =

exp(- n 2{; )=

1l

h=1 x
= exp{ t n} [: - tnn - tép + 97 - % cev . (8.8)
%ox°  192x°  2048xT  1024x"

The expansion for the logarithme converges uniformly in the region
lt] <2Vx, so the expansion mentioned in the last member of (8.8)
will converge uniformly in the same setb.

By introducing

V=k +n + 3,

one sees easili

- uE] =exp{- u2\?3 [1— U'Ur\) - u6\] + u8\?2 - u8\) ]
L3 T spx®  qpexD  2048xT 1e2bx”

(8.9,




..9..

the serlies in “he right-hand side converges again in a region
§u\<:2\Jxo
For cowvenience let be introauced now
tQTn T u:
flt,u)=01 - TEJ b - Iz |- (8.10)

Of course f/t,u) is also dependent of n,Y and x. It is shown
already that £(t,u) can be expanded 1n a series

‘— —

2.2 7
f(t.u)= exp {— E-%%E—i:l‘l ;1; 1 4 g1yl ( (8.11)

N being pultable coefficients and the series converges in a

.
-3 - —~
neignbouricod lul< 2 Vx, |t < 2Vx.
Trom tnic 1t can be proved that
A
n)
%DK(nn~x)= (ein) (~du dt.t.cos(iﬂi-. f(t,u)=

EVWXOHW%); ) 2Vx

h+1=11 O 2@*0 NT

X
= ~£F+n)3 5 f1n du at. e uBeos (LY,
o\ rex (k4n+d ) 1 o ’ 2Vx
o o
2 2
exp{ £ n;u Q} + Rn,k('x’M) (8.12)
srerc R, [ -x,M) r*ands Cor
3 - —
é§?7 2V 2w
2 2
(lem) / 1+1 _h tu tSn+u )
= . FT du | at.t77'.u .cos(———).exp{- —
2Vt x (g ) h> 0 L.b Nz %
1>0 '
Bl M © © (8.13)

Let be put the following conditlon

1im X _pvo. (8.14)

N— e

It may be possible that this condition is not necessary, but it
i3 a sufficient condition. One can put now the upper limits of the
~ouble integral equal to infinity. The error, made by doing so, 1s
asymptotically of such an order, that it can be neglected. For

o) (=]

fm 1+1 h tu t2+u2
du | dt.t7" u.cos (mgE) - +

Q o 2.1\"\’100

+ ct. [éu‘t1+1.uhbcos(gfﬁ). exp
b

@] irn

(]
»
e
——
=
3
N
]



So one has finally

h+1=M i £
k+n) ! 141 . h t
» (n,-x)= ( £ du | dt.t u.cos(—=)
P 2Vmx(k+n+d)!  h=0 L,h ' 2Vx
1=0 o o
2 2
.exp{ E—E$E-}-+ Ry x (-x,M)
(8.15)
9. Some calculations.
Now one needs the following integrals:
[ela)
2
2a t
Gop= | du.u .cos(=22) .exp (- %ﬁ%), : (9.1)
2Vx
and o
2
-pt 2a+1 n 1
H2a+1= j(dt.e PL ¢ s Where p = (EE + Ev)’ (9.2)

)
These integrals may be calculated from the expressions found in

(12).

So one finds:

Gy = Gy %%I (1292 = 12 £ 4+ tY,

G = Go.g—g (12093 - 180 8V 2 4+ 30 tN - 0,

Gg = GO.%;—; (16800 % - 3360 tA2 + 840 tN2 - 56 0y + &)

Gio= Gp- %(3024005 75600 2 1252006 3-2520t%) 2490t £ 19y,
and

Hogqq = 5§é¢T

One also needs an asymptotic expression for Té%%%%%T s which may
be found in Norlund (13)

Z{l 1)5(5‘%) B(S+%)

Zl\/z e (7+%)(z+%) Ty (z>0). (9.3)

From this one derives

z!\ z+5 1 1 5 ,
= " - x ~+ + + o b0 . (904)
(z+T1 TOBTEE) C G28(z41)°  1024(243)7
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Combining the results mentioned in the formulae (8.8), (8.9),

(8.15), (9.1), (9.2) and (9.4) one finds after some more integrate
calculations the series:

2 2
N R P B N n _ 6 vpT-6 Yp+1
k 5
/ VP BV 55930 52 Y'p?
L1 n_ 20 v7p7-30 V°p°+10 ¥ p-1
128 V°  GhxopT 64 v Op "
n (3 p° 9>)p+3) L n® N 2109 42070 34210y2 02 -hpp+3
256 x° y Tp? 512 x.'p 512y p
(9.5)
The special case x = -n2 gives the theorem: The function }ij(x)

can be written for negative x in the form

2
ICQJK(X )

h
)= > + x v, (n,-n
Ko hi(n+k)! ni(n+k)! | k'’

where fk(—ng) possesses the asymptotic expansion:

2y 1 _ ki k2 -1

(Dk(n,—n z Tn 8n2

+
/

10. The approximation connected with I, (x).

The way given by section 8 can also be used to obtain the inte-
gral-expression for %Dk(nﬁ+x), x50

2VX VX ) )
k+n) ! tu tc\n,. u< \k+n+s
@ (n,x)= ( — du | dt.t.cosh( ) (=) (- =)
Factnox) 2 (k+n+d) 1 \VTx f _ VT Tx
Q ]
| (10.1)
But now the trouble begins, especially in the case X = n2 one has
n in
2 2
<0k(n,n2)= (etn) ! g—du dat.t. cosh( ) (1- = ,@_ligfﬁH
/ 2(k+n+s)1Ven 4n® bn
(10.2)
t2\n u° K+n+s
and one sees that replacing (1 - Z—g) and (1 - Z—g) by the
: n n

expansions (8.8) and (8.9) yilelds a false result. Replacing the
upper limits of the integrals by infinity 1s not possible.
It must be possible, however, to write

2n

2 2y _ . n 2
3L, (0= I, (0%) = T o PRl



- 12 -

with oo

2 -h
(n,n%)= a .
Pxr = °n

The coefficients a, are functions of k, and for k = 0 or 1 the
values of an are numerically found resp. - g and - % .

11. An aprlication.

The expansion (9.5) can be used to estimate the number of real
zeros of the function In,k(x>° As already mentioned in R 173, these
zeros are all negative.

It helds now for sufficiently large values of n and x

n
X

In,k (-x)= %m,k(—x)+ (—T)nQJk(n,—X) ﬁj‘ﬂﬁ%}j‘ ’

L4

So, if x is = zero of I (x, one has
n;k /

(__,] )1’14‘1

Cpk(n:“x)- ET({%?_’E‘)'T = ]E‘/Q,k(_x): JK(Q V—;)/(\/‘;)k E)

or, by using only the first terms of the asymptotic representation
for Jk(E\fEO and of the exransion (¢.5) one has

n+1
X ' ) 1
ns(k+n)l{(k+n+%)n+x} 2Vt x 2t
Introducing a number r by x = -r nd, one gets &n a manner similar

to that used in R 173 an expansion for r. So it appears that rnojg is

that value »f r abnve which there are no zeros of 1 k(x) possi%le.
J
To determine the number of zeros lying in th? i?terval
14).
3

~-r n2<:x<10, one can,use Schafheitlin's result the numher of

zeros 1s equal to —E—g + 6(n).
TC e
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